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2) Let a € C(R) be a continuously differeniable function satisfying a(0) = 0 and o/(z) > 0 at each
x € R. For each j € N, define the function f;,g; € C([0,1]) by

ja(z)
1+ ja(x)

(@) =2+ 2g5(a) -
Evaluate lim;_, fol fi(x)dg;(x).

Proof. First we compute g,

,_Jjo(L+ja) —joljo — jo
J (1+ja)? ¢! +]a)2

The last inequality is because o > 0. So we know that g; is monotone increasing.

Note a is continuous so j/(1+ ja)? is continuous. And by theorem 6.8, continuous functions are
integrable, so o/ € R and j/(1 + ja)? € R. Then by theorem 6.12, g;=ja[(1 +ja)? eR.

Note f; is obviously bounded on [0,1]. Now by theorem 6.17, we have fol fidg; = fol figide.

We would apply integration by parts here to [01 fi gé-da:, and we have

[ g = OGO - 5O -~ [ gdn=(4 )11638()1)_0_ follﬁfgx ”

So the question wants

lim (1+ = )&—lim flde

j—>oo 7 1+ja(l) joeoJo 1+ ja(x)

o(z)

Let’s evaluate the second term first. We’ll show lim; o fo de 1. For any € > 0. We want

to show
€
lim ja(x) —————dx + lim f ja($) =1
j=eoJo 1+ ja(x) j—>oo 1 +ja(x)
We can separate the interval of integration because 1_{%(1) is continous and therefore integrable,
and we applied theorem 6.12. Note since a(0) = 0,a’ > 0, we know that 0 < a(x),z € [0,€], so
0< 116;(?)) < 1. By theorem 6.12 again, we have 0 < fo 1_{“(&?))6155 <€, s0
€ 1 € 1
| lim Mdm[ = lim de <e
j=eoJo 1+ ja(x) j=eo Jo 1+ ja(x)


https://sol-he.github.io
https://david92jackson.neocities.org/images/Principles_of_Mathematical_Analysis-Rudin.pdf

Produced by Sol (Xiaoling) He  Book used: Principles of Mathematical Analysis (3rd Edition)

Now for lim;_ e fl 1_{?&;) dz. We've stablished ]a(f)) € R. Now we show {1_{%(9&) }; uniformly

converges to 1. Fix ¢ > 0.
| ]Oé($) _ -1 |

1+ ja(x) '+ ja(x)

Note Vz € [¢,1],0 < a(e€) < a(x) < M, where |a| < M because « is continuous on a compact set

and therefore bounded. So we know «(z) is non-zero and bounded on [€,1]. So there is a j big

jo(z)
1+ja(x)

enough such that |ﬁ.}(z)| <e'Vr e [e1], s0{ }; = 1 uniformly. Now we apply theorem

7.14, and we get

; 1
lim/ J0@) o [ 9@ :f ldo=1-¢
j—>oo 1 +joz($ e jooo l+ja(x) e
So we have

|1im/6 jol) da;+hmf ID) e cer(1-e)-1=0
j=oo Jo 1+ ja(x) j—>oo 1+ ja(x)

Since the absolute value of the difference of lim;_, /0 1+]é(;)dx +limj o0 fel 1_{3‘&2)dx and 1 is
less than or equal to 0, the two things must be equal.

Now we go on to compute lim;_ (1 + %) 1-{?«&1()1)
lim (1+ = ) jo(1) =i a(1) 1; a(1)

———— = lim — +li ) _1+0=1
j—>oo J 1+ja(l) joeo1/j+a(l) s-oo 1+ ja(l)

Collecting all our evidence, we see that

ja(l) . L ja(x)
hm/ fi(x)dg;( x)—hm/ f]gjd:z—hm(1+])1+]a(l)—jlir£1°'[0 mdwzl—lzo

So the answer is 0. O
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1) Suppose that f : R — R is differentiable at 29 € R. Let {a,}2; ¢ (=00, z0) and {by}2; C
(20, —00) be sequences that both converge to xy. Prove that

f(bn) = f(an)

b, —an

= f'(x0)

(You may assume that xg = 0).

Proof. By definition, we’ll show that for any ¢ > 0, there exists an N such that n > N implies

|f(bbf§(a”) - f(0)] < e. Consider the following steps:
f(bn) B f(an) _ f(bn) - f(O) _ f(an) - f(O)
bn, — an, by —ap by, — an
bn f(bn) B f(O) _ Qan f(an) B f(O)
b —an bn bn — an an
b ) -FO) | anl fan) - F(O)
b, —an by, b, —an an

The last equality is because a,, < 0. Since f'(0) exists, we know that lim,_ M = f'(0). And
since b, - 0,a, — 0, by theorem 4.2, we know that %;f(o) = f'(0) and %;f(m = f(0). For
€, we know there’s a large enough N such that

f(bn)b_ f(O) _ fl(0)| < 6,|f(an) — f(O) _

n n

| fl(O)<e

+ lan]

=1. So we have
bn—an bn—an

Now note that b, — a,, = b, + |a,|. So

ﬂ%@%¢w> £(0) _ mm+|ma(ﬂ%>f<>fﬂm|
SRR SEY O Ry @g|@mmnﬂ> o)
bn €+ @)
bn — an, by, —an
as desired. O
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2) v Let {an}21,{bn}>2; c (0,00) be given.
(a) Assume that limsup,, ., (3*) < 0. Prove there exists M € R such that a,, < Mby, for all n € N.
Proof. Let imsup,, . ($*) = L. By definition of lim sup, limy..(sup{ax/bx|k > n}) = L. By

the definition of limit, exists N such that n > N implies sup{ay/bg|k > n} < 2L, which means for
n>N, ag <2Lby. Note am < §2by,. Let M = 2L v max{{=|m < N}. O

S o

(b) Suppose the sequence {§2}77; converges in R. Must limsup,,_,,(an/bs) be finite?

Proof. The sequence converges meaning lim{ Z—:} = L < oo exists. Remark given in class says
lim{g~} = L iff limsup{3*} = liminf{72} = L. So limsup{3*} must be finite also. O

3) a) Suppose that { f,,}>; is a Cauchy sequence from (C([0,1]), peo). Determine whether { f,, } o2,
must be uniformly equicontinuous.

Proof. Since {f,};2, is Cauchy, it is convergent in (C'([0,1]), pes) by theorem 7.8. By theorem
7.24, {fn}o2, is equicontinuous. O

b) Suppose that F c (C([0,1]), peo) is closed and bounded but not uniformly equicontinuous.
Prove that F' is not compact in (C([0,1]), peo)-
Proof. AFSOC F' is compact. We’ll show that F' is equicontinuous.

To prove equicontinuity, fix e > 0. We want to show that there is a § > 0 such that |z - y| < ¢
implies |fz — fy| < e for all fe F.

{Ne3(f)If € F'} is an open cover of F. By compactness, there’s a finite subcover, say centered
around f1, ..., fr. Note each f; is uniform continuous because the domain is compact. So for €/3
there is ¢; such that |z —y| < §; imples |f;x — fiy| < €/3. Since we only have finite f;’s, we can take
6= mini 61

Fix some f € F, there is some f; such that Vz|fz - f;x| < €/3. So let |x —y| < §, we have

\fx = fyl <|fx = fix| + |fiw = fiyl+ |fiy - fyl < e
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4) Question 4 is wrong as written, confirmed by author. New statement suggested by coauthor:

Use the Riemann condition to show that f € Rq[0,2] where f(z) = % and

r+1 0<z<l1
a(z) =
4x l<z<2

Compute the value of the Riemann-Stieltjes integral j02 f(z)da.

Proof. The Riemann condition is Theorem 6.6 in the book: f € R(«) on [a,b] if and only if for
every € > 0 there exists a partition P such that U(P, f,«a) — L(P, f,a) < €. Note f is uniformly
continuous because it’s continuous on a compact interval. So for €/5, there’s a § > 0 such that
|z —y| < 9 imples |f(z) — f(y)| < €/2. For this problem, we choose a partition P such that 1 = x;
for some j, and for every i, Az; <. So we get

M=

U(P, f,a) - L(P, f,«) (M; —m;)Aq;

n=1

(Mi - 7711)(.%Z +1- Ti—1 — 1) + zn: (Mz - mz)4(xl - ZEi_l)

1 n=j+1

M=

n

< 6/5 ]Zl(xl _xi—l) +€/5 i (xz _xi—l)

n=j+1
€

- 5-(1—0)+4§e-(2—1)

So we can make U (P, f,«)— L(P, f,«) arbitrary close together, so by the riemann condition, f is
riemann-stieltjes integrable.

By Theorem 6.12, f02 fda = /01 fdo+ f12 fda.
By Theorem 6.12 fol fda = fol fd(z+1) = fol fd:c+f01 fd(1) = fol grdr+0= %% = 76"
By Theorem 6.17, f12 Jfda = f12 fd(4z) = f12f(4x)’dx = f124fd:n = f12 yadr = %% = ??TW'

Sofozfda:f—(;+?jf. O
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5) Determine all the values of z € R for which the series below converges

>

n=1 1+ n|x|n

Proof. The series converges when z < 1 and diverges When x > 1. Let || < 1. So we know

% = (1+p)" for some p > 0. Let |an| = [{7—w |x\"| and b, = n2' So we have

anl _ el e

b [L+nfz[?] 1+nfzr

1
|x|” +n
n2

B (1+p)"+n
1
+p)n 1
n

Note that (1+ )n = 0 by theorem 3.20 d). The second equality is because 1 + n|z|" is positive

anyway. The fourth equality is bcause ﬁn = (1+p)™. The third last equality is because of limit
d (1‘*'10)

\nl_

rules an # 0. In conclusion, we have Z* = 0, this means that |a,| < by, = 2 for all large

enough n. By Weierstrass M-test, we know that the series converges for |z| < 1.

When z < -1, we rearrange to the series ), (Iﬁ
J=[™

is decreasing. So by theorem 3.43, the series converges.

. . n
is alternating. Note 0< " <1, so =7 +n — oo
B PO 2l ’

— 0. And note

SO

Let z > 1. SoO<an§1.
" 1 1 N 1

- > > —
1+ njz? #qtn 1+n  2n

The first equality is because |zy| = |x||y| by theorem 1.33 c) and 1 + n|z|" is positive. The first
inequality is because I 1|n < 1. The last is because n > 1. Since = Z diverges, we know that the
series also diverges.

O
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3) Consider the sequence {z,}n>1 defined by 0 < 21 <1 and 2,1 =1 -+/1-x, for n = 1,2,....

Show that xz,, > 0 as n - oo. Also, show that x;—;l - %

Proof. We’ll show the sequences is monotone decreasing and bounded. But first we show 0 <
(1-2,) <1 by induction.

BC: 0< 21 <1, so obviously 0 < (1 —z1) < 1.
IH: suppose 0 < (1 —x,-1) <1

IS: taking the square root, we get 0 < \/m < 1. By simple arithmetic, we get 1 > 1 —
V(A =2,-1)>0. So 0 <z, <1, implying 0 < (1 -z,) < 1. Since 0< (1-=,) <1, we know
(1-z,)%<(1-2z)
(1-zp) < V(1 -2p)
Tp>1—/(1-xy,)
T > Tl
So the sequence is monotonic decresing, and note the terms are bounded below by 0, so by theorem

3.14, the sequence is convergent. So we can write, exists some L such that

lim z, = L = lim x,41
n—o00 n—>oo

So we get
Tn+1 = 1_\m
L=1-V1-L
(1-L)*=(1-1L)
The only solutions are 1 -L=0or 1-L =1, yielding L=0or L =1. L =1 is not the limit because

the sequence is strictly monotone decresing and x1 < 1 for all n. So L =0 has got to be the limit
of the sequence. So we’ve shown x, — 0.

Now we compute “2t.
n

Tpe1t 1-V1-zp (1-v1-2,)(1+/1-2y,)
Tp, T, - (1 +/1-12y)

o (-l+m,) 1
Szl VT=m2,)  (L+T-w,)
1 1

(1+VT-a,) 2

as desired.
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5) Find the domain of convergence and the sum of the series

x2n+1

Z(-1)“2n+ 1

n>0

Show how one may use the sum of the series to provide an approximation for = up to three
decimals. Be sure to provide all technical details.

| (_1)n+lx2n+3 m+1

Proof. The ratio test gives that the series converges if lim sup | <1. Note

2n+3 (-1)nag2n+l
-1 n+l,.2n+3 m+ 1 I+ 1
limsup|( )" n | = 2% limsup | r | = 22
2n+3  (=1)ng2ntl 2n+3

So the series would converge if |z| < 1. And it would diverge if |z| > 1.

The series also converges at |x| = 1. ZnZO(_l)HinH

decresing, so by theorem 3.43, the series converges.

1
2n+1

has the properties | | = 0 and monotone

This is the taylor expansion of arctan(x), so the sum of the series

m2'rL+1

> (D" 5l arctan(x)

n>0

To approximate 7w with the series which has radius of convergence of 1, we need to plug in some
x € [-1,1]. By the unit circle, we know that arctan(%) =%+ So we can plug in % to the series,

evaluate the first few terms and multiply by 6. The number of terms to evalua;ce 1is given by: let
n+

e = 0.0001, since the series is convergent, there’s an N such that 3,5 (-1 "5 <€ N is the

number of terms you should sum. O
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1) Suppose a,b € R with a < b and let f : [a,b] - R be a differentiable function such that
f" : [a,b] > R is continuous. Show that Ve > 0,35 > 0 such that for every z,y € [a,b] with

|z —y| < d, we have
|f(x)_f(y) —f'(x)| <e
T -y

Proof. Fix € > 0. Since f’(x) continuous, we know that there’s a > > 0 such that if |p — 2| <

then|f’(p)-f’(x)|<e. Let =’. So we have |z - y| < ,.Bymeam)aluetheorem,wehcwew =
y

11(&) foré € (x,y), so we also have | —z| <, so we have

f(x) - f(y)

r—y

1F(&) = f(2)] =] ~f'(@)<e

as desired.

3) Compute, with proof limg_, e 302, n "
Proof. We'll show that limg_, o > neg n~* =1, which is equivalent to showing
lim Z n k=0

k—oo 2o

Note that we know Y°,,_o # = L for some L € R because it is a convergent series.

Note for },,-o #, we have

Let k go to infinity we have

°° 1 1
lim > n™*=1lim Y ——=lim —L=Llm —=L-0=0
n

k—oo 2o koo 2o

as desired.
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4) a) Let f:[1,2] —» R be a continuous function. If /12 ™" f(x)dx = 0 for all integers n > 0, show
that f=0.

Proof. We’ll apply the general Stone-Weierstrass theorem here: Let X be a compact metric space.
Cr(X) be the set of continuous function from X into the reals. Let A ¢ Cr(X) be a subspace
satisfying 1 € A, Va,be A,abe A and Va,y € X,3a € A,a(x) # a(y) then A is dense in Cr(X).
Here we let A = {z"n € No}. Note 20 =1 ¢ A. aJzF = 27+F) ¢ 4, % would give different
answers for different input because it’s monotone on [1,2]. So we have that A is dense in Cr(x).

Since f € Cgr(z) and A is dense in it, we know that f is the uniform limit of {P,} where

P,=ap+aiz  +asz 2+ ... + aka:_k.

We'll show [,> 2 = 0.

NS LD
- ["rn,
oo [P v [ v [P [P

=0+0+...+0
=0

The first equality is an application of theorem 7.14 because all P,,’s are integrable on [1,2] because
they’re continuous there. Second equality is theorem 6.12, third equality is by assumption. By
exercise 2 in chapter 6, we know that f? = 0, which implies f = 0. O

b) Let g;[1,2] = R be a differentiable function such that ¢’ : [1,2] — R is continuous. If
/12 ™ "dg(x) = 0 for all integers n > 0, show that g is constant.

Proof. Since ¢’ is continuous, we know that g € BV. So there’re monotone increasing functions
u,l such that g =u -1 and ¢’ =u' - 1’. So we have

i d ’ d l ’ d ’ ~dl
[l:z g(x)—flx (u+)—£:c u+f1x

Note since u,! monotone increasing and x continuous, by theorem 6.9, u,l € R. So by theorem
6.17, we can write

2 2 2 2 2
/1 x_"du+/; x_”dlzfl x_"u'dac+[l :U_nl'dxzfl " (u+1)dx

By the assumption, we know f12 x™™(u+1)'dx =0 for all n > 0, then apply part a) we know
(u+1) =¢g"=0. By calc 1, we know g is a constant. O

10
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5) v* Prove the following special case of Dini’s Theorem: if (f, : [0,1] - R)>%; is decreasing se-
quence oof continuous functions such that lim,,_,« fr(x) =0 for all € [0, 1], then (f,);>; converges

uniformly to 0. (You should not use any form of Dini’s theorem without proof.)

Proof. (1) By definition of uniform convergence, we’ll show Ve > 0,3N € N such that n > N implies
Vo € [0,1],]fn(x) = 0] < €. Fix some € > 0. For each n, define set K, = {x € [0,1] : |fn(x)| > €}.
Note that [—¢, €] is a closed interval, and since f,, is continuous, we know that K, is also closed.
Since K, c [0,1] and [0, 1] compact, we know that K, is also compact.

Now, since f,, > fn+1, we have that K, o K,1. Since for any z € [0,1], f,(z) converges to 0, by
definition, there is some N such that |fy(z)| <€, i.e. x ¢ Ky. So N K, is empty.

We know by theorem 2.36 that nested sets of "non-empty" compact set have non-empty intersec-
tion. So by contrapositive, we must have that some Ky is empty, which also means all K,, where
n > N are empty since they’re nested. This corresponds to for n > N,Vx € [0,1],]f(z)| <€, as
desired. O

Proof. (2) Here we’ll harness the finiteness of the subcovers of compact sets. Fix e > 0. Define
On = f71((=00,€)) = £71([0,€)). The last equality is because f,(z) > 0 for all 2 because f,(z) is a
decreasing sequence that converges to 0. Since (—oo,€) open, and f continuous, we know that O,,
is open. Since f,, > fn+1, we also know that O,, ¢ O,,,1. For each x € [0, 1], since f,,(x) converges
to 0, exists some n such that z € O,. So the O,’s is an open cover of [0,1]. By compactness,
there’s a finite subcover. And since O, ¢ Op.1, the one with the largest index N covers [0,1].
Like [0,1] c On 2 [0,1], so On =[0,1]. And for any n > N, we know [0,1] c O,, c Oy =[0,1], so
O,, = [0,1] also for any n > N. This means for n > N, Vx € [0,1],]f.(z)| < € by definition of the
0,’s. We’re done. O

11
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6) Let f:[0,1] = R be a continuous function

a) Show [ f(zw)dz = f(1)

Proof. Recall Theorem 7.16 which states if on interval [a,b], « is monotone increasing, f, €
R(a)Vn, f, — f uniformly, then fab fda = fab frdor.

Since f,z'/™ continuous, their composition is continuous. And by theorem 6.8, f(:vl/”) eR

Since f and /™ is continuous on [0,1], the limit notation can move inside
fmy = f@t) = f(20) = £(1)

By the theorem, we have fol f(iU%)d:E = fol f(1)dx = f(1), as desired. O
b) If f(z)>0 on [0,1], show /01 f(z)Ydz =1.

Proof. Again, similare to above. f(z)"™ is continuous on [0,1]. So
f@)" = f@) = f(@)’ =1

By the theorem, we have [, fz)nda = fi 1dz =1, as desired. O

12
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5) Suppose that (ap)o, (by)o2, are sequences of strictly positive real numbers such that Y07 by,
converges, and suppose that for each integer n > 1, we have “2+L < bg—“. Show that Y >, ap
converges.

Proof. Rearranging 2+l < I’Z—;l, we get Z"—: < 4. Let constant C = % We know that for all n,

a a C an = = by
n pa—
b < 5 =G, 80

lan| = an < Chy,

Note that Y>>, Cby, = C' Y72, b, which converges. By comparison test, > o~ a, converges as well.

O]

13
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1) Suppose (X,d), (Y, p) are metric spaces; (Y, p) is compact; and ¢: Y — X is a continuous and
onto function.

a) A well-know theorem states that if F' c Y is compact, then ¢(F") is also compact. Prove this
theorem, and conclude that (X, d) is a compact metric space.
Proof. See theorem 4.14. O

b) Suppose G c X and ¢~!(G) is an open set. Prove that G is an open set.

Proof. It’s equivalent to proving G¢ is closed by theorem 2.23. Also by theorem 2.23, since
#1(G) is open, (¢~ 1(G))¢ is closed in the compact set Y. And by theorem 2.35, (¢71(G))¢ is
also compact. Since ¢ continuous, by theorem 4.14, ¢((¢~1(G))¢) is compact, which is closed by
theorem 2.34. Now we’ll show ¢((¢1(G))) = G©.

We’ll write out the set notation for each set.
¢ (G) ={yeY|p(y) e G}

(071(G)) = {y e Yo(y) ¢ G}
¢((¢971(G))%) = {d(y) € X|(y) ¢ G} c G
To show the other containment, let z € G¢, so ¢ H(z) c (¢"H(G))°. And {z} = ¢(¢(z)) c
#((¢71(G))®), as desired.
O]

2) Let (ap);2; be a bounded sequence of real numbers. Be sure to include all details, prove that

. . . . ay+...+an
lim inf a, <lim inf
n—00 n—00 n

Proof. Fix some N € N, for n > N we have

ap +...+ap a1+...+aN+aN+1+...+an

n n n

-N
METAN TN G {anln > N)
M n

+ot
BT TAN inf{an|n > N}

[\

v

14
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In the second line, let M >n. Take M — oo, we get

+o+
4 ny inf{an|n > N}

Take the inf,>n of both sides we get

ay+...+a

inf = > inf inf{a,|n > N} = inf a,
n>N n>N

n>N n

Then take N — oo, we get
. . ay+...+a . .
lim inf ———" > lim inf a,
N—ocon>N n N—oon>N

as desired.

3) Suppose f:[a,b] - R is Riemann integrable and fab |f(t)|dt = 0.

a) If f is continuous, prove that f(t) =0 for every t € [a,b].

Proof. Proof 1 (black box proof):

Note since f continuous, |f] is also continuous. Obviously |f| > 0, and we're given | ab| fldz = 0.
By exercise 6.2, we know that |f| =0, which implies f = 0.

Proof 2 (low level proof):

AFSOC, exsits t € [a,b] such that |f(t)| > 0. Since f is continous, |f| continuoous. Fix 0 < € <
|f(t)], there is a § such that for all z with |z —t| < d, we have ||fz|—|ft|| <€, i.e. |f(x)|>|ft|-€>0

Now let’s examine L(P, f) for P with Az; <d. Say t € [x;,2-1].
b n
f fdz > L(P, f) = inf|f(2)|Axy > inf | f (2)[(2; - 2i-1) 2 (|f ()] - €) (2i = zi-1) >0
a k=1

This is because since Az; < 0 any x € [z;,2;-1] would be with in € of |f(¢)]. And we know
|f(x)| > |ft|—€>0. And Az; >0 by definition.

O

b) Give an example (with proof) of a non-zero Riemann integrable function such that [ ab |fldz = 0.

Proof. Define f to be 0 on [0,1) and f is 1 at z = 1. This is a non-zero function. And jab fdx =
fab |fldz = 0. Proof is trivial, omitted. O
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5) Suppose (ay) is a decreasing sequence of real numbers and Y >, a, converges. Prove that
lim,, o na, = 0.

Proof. Since Y¥7°; ay, converges, by Theorem 3.23, lim,, .o ap, = 0. Since a,’s are decreasing, this
implies a, > 0.

Since Y7, a, converges, there’s an N € N such that Vn,m > N we have |ZZL=n ag| < € (Theorem
3.22). So for n > N, we have
2n
|nan| =nap =ap + ...+ ap > ap + api1 + ... + agy = | Z ag| < e

k=n

as desired.
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6) For x € R, consider the series, Y77, ﬁ

a) Prove this series converges for every x € R.

1 1

Proof. Note ﬁ > 0, so |m| = 7z < # We know # converges. By comparison test,
Yot ﬁ also converges, independent of x. O

b) Set f(z) = ¥, . Prove that f is differentiable at each x € R. Also, find a formula for

n=1 p2422"
f'(x) (in terms of a series), being sure to justify that your formula is correct.

Proof. We'll use theorem 7.17 with fr(x) = Zﬁ:l ﬁ Note fj is differentiable, just take the
derivative term by term. Note for zo = 0, {fx(0) = XF_, n%} converges by theorem 3.28. The
last thing to show is that {f{(z) = -2%F m} converges uniformly. We’ll use the M-test

(Theorem 7.10) to show the derivative sequence converges uniformly. i.e. we’ll show

1
(n2+22)2 " n2

IN

Equivalently, we’ll show
lzn? < nt + 2 + 2n%2?

If |z| > 1, then we know that |z|n? < n?z? <RHS. If |z| < 1, then |z|n? < n? < n* < RHS because
n > 1. So we can now apply theorem 7.17, we see that f/(x) = lim,e f1(2) = Y0y ﬁ,

showing f is differentiable at each x € R and giving a formula for it.
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1) Let {an}p2q € (0,00) and ¢ > 0 be given. Suppose that lim, . an = 0 and Y77, a, diverges.
Prove that there exists a subsequence {ayn, }72, such that Y77, an, = c.

Proof. v Since each a,, is positive, we know that {S,} the sequence of partial sums is monoton-
ically increasing. And Y a,, must diverge to infinity instead of diverging in oscillatiion. WLOG
let ay < ¢, otherwise just consider a later segment of the sequence where this is true. Let N be
the least index such tha Sy > ¢, and Sy_; < ¢. Put the terms in Sy_; in the subsequence {ay, }.
Later terms will be picked as follows: pick the largest available a,, such that the running sum of
ther terms added to {ay, } is less than c¢. We can always find such a term because lima, = 0.

The limye Sp, = ¢ Fix € > 0. We'll show that exists K such that S, > c—-e€ So we've
picked the terms in Sy_; to be in {a,, }. If Sy_1 > ¢ —¢, then we're done. If Sy < ¢ —¢,
let ¢/ = ¢c—e—- Sy_1. Again, there’s an index N’ such that n > N’ means a, < ¢’. Consider
the subsequence {an7,an741,an74+2,...}. Since there are only finite many terms before apys, the
subsequence above have sum that diverges to infinite and each term in the above subsequence
have entries no larger than ¢’. So there exsits a least index N”' such that an'+an/41+...+an» > .
Since we're picking the largest available a,, to be in {ay, }, each new term added to {ay, } which
add up to c—e€ can only be greater than or equal to each of the an:+anri1,...,an, so there must
be a K such that S,,, >c—e¢. So we’re done. O

nKg =

2) Let {an}o21,{bn}2; c R be bounded sequences, and define the sets
A:={an},B:={b,},C ={a, + by}

Prove or provide a counterexample each of the following statements.

a) If a € R is a limit point for A and b € R is a limit point for B, then a + b is a limit point for C.

Proof. False. Consider {ay}nrq =1{0,2,0,2,0,2,...} and {b,}>; = {3,0,3,0,3,0,...}. It’s obvious
that 2 is a limit point of A, 3 is a limit point of B. But 5 is not a limit point of C because
{an +bn 102, =43,2,3,2,3,2,...} with limit points 3 and 2. O
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6) The parts of this problem are not connectec. a) Let {a,}or; ¢ R and a strictly increasing
sequence {zp}pq ¢ (0,1) be given. Assume that Y., a, is absolutely convergent, and define

a:[0,1] - R by
o(z) = an :c:xn'
0  otherwise

Prove or disprove: a has bounded variation on [0,1].

Proof. Yes. Fix any partition P. Let N be the largest index such that xnx € P. We have
n
V(P,a) =) |a(pi) - api-1)|
i=1

If pi, pi—1 € {zy}, then we have |a(p;) — a(pi-1)| = 0. If only one of p;,p;—1 is in {z,,}, WLOG say
pi = p. Then |a(p;) — a(pi-1)| = |an| < 2|an|- If both p;,pi1 € {2y}, say p; =z, pi-1 = 5,5 < k.
Note |a(p;) — a(pi-1)| = |ar — aj| < 2max(|axl,|a;|) < 2]ag| + 2|a;]. So then we have

n N oo
2 la(pi) — a(pi1)] < 24’ai| < 42 la;| < oo
=1 1=1 =1

By our reasoning above, if |a(p;) — a(p;-1)| covers any x,,’s, it’s smaller than twice the absolute
value of the x,’s it covers. Each a; could be appear in the sum twice, because point z; is used
twice in the partition. Hence the factor of 4 in the sum. It might not cover every z,, upto the
largest index covered N, hence the first inequality. The last inequality is because {a,,} converges
absolutely. This is for an arbitrary P, so « is of bounded variation. O

b) Suppose that f :[0,1] - R is Riemann-Stieltjes integrable with respect to a non-decreasing
function 5 : [0,1] = [0,00). Prove that f is Riemann-Stieltjes integrable with resepct to the
function 3.

Proof. Since (8 is monotone increasing and x is continuous, by Theorem 6.9, 8 € R(x), which
implies that 3 is bounded, i.e. |3| = 5 < B for some real B (the last implication is also used in the
first sentence of the proof of theorem 6.20, so proof omitted here).

Alternate argument for 5 being bounded: Since 5 monotone on [0,1], 5 has bounded variation,
which implies it’s bounded. By theorem 6.6, to show f € 8, we’ll show for all € > 0, there is a
partition P such that U(P, f,3%) - L(P, f, 3%) <.
U(P, f.5%) = L(P, f,5%) = 32(M; - m:) (B} - B7.1)
= > (M; =mi)(Bi = Bi-1)(Bi + Bi-1)
= > (M; =mi)(Bi = Bi-1)Bi + Y (M —m;) (Bi = Bi=1) Bix1
<2B Y (M; —m;)(Bi — Bi-1)
Since f € R(f), there is a P such that ¥(M; —m;)(8; - Bi-1) < 5. This P works.
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2) Let {an}:%1 € (0,00) be given, and assume that Y7, a,, converges.

a) Show that }>77; 772 converges and }.77; 7 +1a diverges.
n n

Proof.
Qp, 1

All because a,, > 0. Then by comparison test, the desired series converges.

apn < Gy

l+a, 1+ay

Since .2, a, converges, by theorem 3.23, lima, = 0. So for € = 1, there exist N such that all

n > N have a, <1,s01+a, <2, so 1+1a > % And Z% diverges. Then by comparison test, the

desired series diverges. d

b) Suppose that {b,}:>; c R satisfies |b,+1 —by| < ay, for every n € N. Prove {b,}>, is convergent.

Proof. If we can show that {by}>>, is cauchy, then we’'ve shown it’s convergent. To show cauchy:
Ve >0,3N such that for all m >n > N implies |b, — by,| < €. Fix € > 0.

Since Y17 ay converges, we know that exists N, such that for all m >n > N, implies
lan + Gps1 + oo+ a| = an + aps1 + ..t ay <€
Let N = N,, then we have

|bn - bm' = |bn - bn+1 + bn+1 - bn+2 + bn+2 - bn+3 + bn+3 T T bm—l + bm—l - bm|
= |bn - bn+1| + |bn+1 - bn+2| + |bn+2 - bn+3| + ‘bn+3 T T bm—1| + |bm—1 - bm|
LQp+api1 + ...+ Am—1

<€

as desired.
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3) Let {a,,} be any rearrangement of an infinite sequence {a,}. Assume Y’ a,, converges absolutely.
Prove Y al, = ¥ ay,.

Proof. v

We'll show ¥ al, -3 a,, = 0, which is equivalent to showing the sequence of partial sums {s, —s/,} —
0. Fix € > 0. Since Y a, converges absolutely, exsits N such that m,n > N implies Y] |a;| < €.
Fixing n = N + 1 and letting m go to infinity, we would get Y n.1|an| < €. Let N’ be large enough
such that {a], }n<n' 2 {an}n<n. Let M = max(N',N). So sy — s}, only has terms with indices
greater than N, so |sar — S| < | X ni1 @nl € X vyt lan| <€, as desired. O

5) Let f:[a,b] > R. Suppose f € BV[a,b]. Prove f is the difference of two increasing functions.

Proof. Let U(xz) =VE(f),L(x) =V (f) - f(x). Obviously, U(z) — L(z) = f(x). Now just prove
they’re increasing. Let 21 < z9. U(x) is the "accumulation” of vertical distance traversed by f, so
it’s only increasing. In other words, U(z2)-U(x1) = V'2(f) < oo since f € BV [x1,22] c BV [a,b].

1

V() =V (f) = Vii2(f) 2 |f(22) = f(x1)] 2 f(22) - f(21). Rearranging we have L(x2) =
VP (f) = f(x2) 2 VP = f(21) = L(x1), as desired. O
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2) Define f:[0,1] - [-1,-1] by

xsm(l/x) O0<z<1

a) Determine, with justification, whether f is of bounded variation on the interval [0,1].

Proof. Note sin(z) is 1 at M and 0 at @ So let partition P, = {0, = o GeDm 1)7r" ,W, 1},
then we’d have sin(1/z;) oscﬂlatmg between 0,1. WLOG say sin(nz—ﬂ) =1. Then

S 2 . nw nwl2 i 2 i—1)m . .
;|f($i)—f(xi—1)|=|Esm(7)—0|+ ;;|%sm(?)—(i_1)7rsm(( ) )|+| 51n(§)—sm(1)|

ey e s . P

S (- (n-2)r (n-4)r (-4 T w

2, 2

= —( + +1)

T n-2 n-

>g( ! + ! ! 1 +..+1)

"o n-1 n-2 n-3 n-4

Note as we let n go to infinity, the above sum diverges. So the total variation of f is not finite. [
b) Determine, with justification, whether f is continuous on the interval [0, 1].

Proof. Note 1/x is continuous on (0,1], as well as sin(x), so by theorem 4.7, f(z) is continuous
on (0,1]. Now to determine if it’s continuous at 0, lets see if lim,_ f(x) = f(0) = 0. If it is, then
by definition of continuity, it’s continuous at 0. Fix € > 0. Let § = e. Then if |z| < J, we have

|zsin(1/z)| < |x|<d=¢

as desired. So f is continuous on [0,1]
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1) Let f:R — R be a continuous function on R. Fix c € R, and suppose that f has the following
property: there is an L such that for each € > 0 there is a 6 > 0 such that
I0)-1©)
r—c

whenever r € Q and 0 < |r — ¢| < §. Prove that f is differentiable at ¢ and that f'(¢) = L.

Proof. By definition 5.1, we'll show that for ¢ € Rt # ¢ limy, L9 = [ Unfolding the
definition of the limit, we wish to show that Ve > 0,39 > 0 such that |% -Lli<e.

Fix € > 0. By assumption of the question, there is a d; > 0 such that

|f(T)—f(C) —L| <€/2
r-c
whenever r € Q and 0 < |r —¢| < d1. If t € Q, then let |t — ¢| < 01, we’d have |%Z(C) - Li<e/2<e,
as desired.

Now suppose that ¢ is not rational. We want to show that there is a rational r close to ¢t such

that [LO=10) _ JO-1C)| ¢y

Since f(z) is continuous on R, we know that f(z) - f(c) is also

continuous on R. ﬁ is continuous on R\{c}, so we know %

fW)-1() _ f(=@)-f(c)
y—c T-C

is continuous on R\{c} as well.

So we have lim,_; . By definition of the limit, we know that for €/2, exists

d2 > 0 such that |y — z| < d2 implies |f(y;:£(c) - f(xi:({(c” <ef2.

Note t # ¢ by set up. Since the rational numbers are dense in the reals, ¢ is a limit point of the
rational numbers. So for some 2 € (0, |t — ¢|) there is an r € Q in the neighborhood Ny, (t), i.e.
|r —t| < 62. And note that r # ¢ also because d; < |t — ¢|. So we can apply our result in the above

paragraph, we have
f(r)=f(e) f@)-f(c)
r—c t—-c

| <€/2

Now let § = min{d1,d2,01 — d2}. And we insist |t — ¢| < § < d; — d2 Recall we had |r —¢| < d2 so
|r—c| <|r—t|+]t -] <1 — 2+ d2 =01. So by assumption we also have

|f(?‘)—f(C)

Combining the above two inequalities, we have that if |t — ¢| < §, then

|f(t)—f(c)_ f@) - fle) f(r)-f(e), f(r)-f(c)
t-c t-c r—cC

r—c
So 0 = min{d1, d2,91 — d2} works for both when f is rational or irrational.

-L|<¢/2

Li<]

|+ -Li<e/2+¢/2=¢
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Question 1 v/

a) Let (an)neny and (by,)neny be bounded sequences of positive real numbers. Suppose that Y. b,
is convergent. Show that Y a,b, is also convergent.

Proof. Since they’re bounded, a, < M for all n for some M. And

S anby < S Mb,

The right hand side is convergent. Since both series have positive entries, |a,by| = anb, < Mby,.
By comparison test, the LHS converges. O

b) Let y € R and f: R — R be given. Suppose for every sequence (z,,) we have inf|f(z,) - f(y)| <
inf |x,, — y|. Prove that f is continuous at y.

Proof. Recall theorem 4.2: lim,_,,, f(z) = f(y) if and only if f(z,) = f(y) for every sequence {z,, }
with z,, # x but z,, = y.

Fix some sequence x, - y. So we know that |z, —y| = 0. Note |z,, — y| = inf |z, -y, so we have

0> inf[f(2n) - f(y)[ 20

The last inequality is because every term is positive in the absolute value sign. So we know
inf |f(zy) - f(y)| = 0. By the definition of lim inf, this means that out of all subsequential limits,
the lowest one could only be as low as 0. Now we show that there’re no subsequencial limits
strictly greater than 0. AFSCO, {zy, } is a subseq with limy_, | f(2n, ) — f(y)| = € > 0. Note since
{xn, } is a subsequence, it has the same limit as {xy}. So limy_,« |2p, —y| = 0. Again, recall if the
limit exsits, then the limit is equal to the lim inf. Now we have

klim inf |z, —y|=02> klim inf |f(an,) - f(y)|=€>0

We have shwon 0 > 0, which is absurd. So there can’t be any other subsequence with limy,_, o | f(2n, ) -
f(@)| >0, so the |f(xn) - f(y)| =0, implying f(x,) = f(y), as desired. So f is continuous. O
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